Abstract. In this work we prove that a C 1+α -hyperbolic Cantor set contained in S 1 , close to an affine Cantor set is not C 1 -minimal.
Introduction
If f : S 1 → S 1 is a C 1 -diffeomorphism without periodic points, there exists a unique set Ω(f ) ⊂ S 1 minimal for f (we say that Ω(f ) is C 1 -minimal for f ). In this case Ω(f ) is either a Cantor set or S 1 . The C 1 -minimal Cantor sets that are known are the Denjoy's examples and their conjugates (see [D] ). Examples of Cantor sets that are not C 1 -minimal, are also known, see [M] , [IP] , [K1] , [K2] and [P] . Let I 1 , ..., I k , k ≥ 2 be pairwise disjoint compact intervals in IR, and let L be a compact interval containing their union I ≡ I 1 ∪ · · · ∪ I k . Define S r (I 1 , ..., I k , L), r ≥ 1, to be the set of C r functions S : I → L such that for j = 1, ..., k, S(I j ) = L and |S ′ | > 1. For S ∈ S r (I 1 , ..., I k , L) define C S = {x ∈ I : S k (x) ∈ I for all k ∈ Z Z + }.
These sets are Cantor sets, and are called C r -hyperbolic. If S ′ is locally constant, C S is called affine and if S ′ is globally constant, C S is called linear. Let S 1 = IR/Z Z and suppose L ⊂ [0, 1). We may assume that one of the complementary intervals of C S is (1/2, 1) and L = [0, 1/2].
In [K1] , A. N. Kercheval assert that the C S Cantor sets, C 2 close to an affine Cantor set, are not C 1 -minimal, for S increasing or decreasing and any k. However, in this work, only was proved it for k = 2 and S locally increasing. For k > 2 or k = 2 but S not locally increasing it is not possible to generalize his proof. In this work we will prove the statements given by Kercheval in the general context. Moreover we give a generalization for the case that the cantor sets C S are C 1+α close to a affine Cantor set.
We follow the notation of [K1] . If S ∈ S r (I 1 , ..., I k , L), let φ i : L → I i , for all 1 ≤ i ≤ k, be the k branches of the inverse of S. For any choice (i 1 , ..., i n ) ∈ {1, . . . , k} n we write φ(i 1 , ..., i n ) for the composition
Note that for each m there exist k m gaps of level m. These gaps are the intervals φ(i 1 , ..., i m )(J i ) and we will denote them by
For S ∈ S r (I 1 , ..., I k , L), define the nonlinearity of S to be
Note that if ε → 0 then S → R in the C 1 topology, where R is the affine map of S r (I 1 , ..., I k , L) with R ′ (x)S ′ (x) > 0 for all x ∈ ∪I i . In this work, we prove the following result:
2. Proof of Theorem 1.1
All along this section, I 1 , ..., I k , L will denote the intervals in [0, 1) as in the hypothesis of Theorem 1.1.
for all m ∈ N.
Proof: If x ∈ J i for some 1 ≤ i ≤ k − 1 we define ψ(x) = x and if x ∈ φ S (i 1 , . . . , i n )(J i ), we define ψ(x) = φ R (i 1 , . . . , i n )(S n (x)). Then we extend this continuous and monotonic function to a homeomorphism ψ : L → L in the natural way.
The map defined in (2.1) can be increasing or decreasing, depending on T . Also, if T is an m-block, there exists
Lemma 2.3. For all η > 0, α > 0 and M > 0, there exists ε > 0 such that if S ∈ A(M, ε, α) and C S is a minimal Cantor set for some
Proof: Suppose S ∈ A(M, ε 1 , α) for fixed I 1 , . . . , I k and some positive numbers M , α and ε 1 . Also, suppose ε 1 small enough that it assures the existence of a σ ∈ (0, 1) such that
Then, by [K1, Bounded Distortion Lemma] , for every δ > 0 there is N ∈ N such that if m > N and I is contained in an m-block of C S ,
Remark that if we replace only ε 1 for a smaller one, the inequality (2.2) remains true for the same σ as well as the inequality (2.3) holds for the same N .
By [K1, Lemma 1], for any m-block T ,
).
Suppose δ > 0 and N as in the inequality (2.3). Remark that if T is an n-block , n great enough, then f (T ) is contained in an m-block with m > N . With these conditions, by inequality (2.3),
Let η > 0 and take δ = η 3 . With this, fix N satisfying the inequality (2.3). Now, let ε > 0, ε < min{ε 1 , η 3N }. Remark that we can replace ε 1 by ε all along this proof, until here, and the inequalities remains true.
Also, we take
It is possible because f is a C 1 diffeomorphism. With these N , δ, ε and m 0 , if T is an m-block with m > m 0 , by inequalities (2.4), and (2.6),
Remark 1. For a given η > 0, by the inequality (2.3) and [K1, Lemma 1], there exists ε > 0 such that if S ∈ A(M, ε, α) and I is contained in an m-block then
Now, for an m-block T of C S , and F as in the hypotheses of the lemma, if
On the other hand,
.
Corollary 2.5. Given α > 0, M > 0 and η, with 0 < η < 1/2, let ε be as in the Lemma 2.3. There exists a natural number l such that if S ∈ A(M, ε, α), and C S is C 1 -minimal for some diffeomorphism f S :
We denote θ p a p-uple (i 1 , . . . , i p ) ∈ {1, . . . , k} p if p > 0 and θ 0 = 0 for p = 0. Fix M, ε, α, and take S ∈ A(M, ε, α) with C S minimal for a C 1 diffeomorphism f : S 1 → S 1 . The Corollary 2.5 say that if ε is small enough, the set E S of triples
is a finite set. Remark that if T is an m-block and g T (J i (m)) = J j for any 1 ≤ i, j ≤ k − 1, then we can take the smaller r ≥ m such that g T (J i (r)) = J j for some 1 ≤ i, j ≤ k − 1 and we can replace T by the r-block contained in T that contains this J i (r). It follows that the equality (2.12) is true for at least one triple (i, j, θ 0 ) = (i, j, 0).
We call B S the subset of E S containing the triples (i, j, θ p ) such that the equality (2.12) is true for infinite many blocks T of C S . We name T BS the set of such blocks and T (ijθp)S the set of the blocks in T BS associated to (i, j, θ p ).
Remark that B S = ∅, and it is possible to cover C S only by blocks in T BS . More than that, being E S finite, by Corollary 2.5, there is an m 0 = m 0 (f ) such that for any m > m 0 , every m-block T is in T BS .
In the following Remark we want to express the fact that if S ∈ A(M, ε, α) with ε sufficiently small, S is C 1 close to the affine map R ∈ A(M, ε, α) that satisfies 
Lemma 2.6. Let M > 0 and α > 0. Suppose that there exist a sequence of positive numbers {ε n }, ε n → 0, a sequence {S n }, S n ∈ A(M, ε n , α), with each C Sn C 1 minimal for some f Sn and S ′ r (x)S ′ s (x) > 0 for all x ∈ ∪I i and r, s ∈ N. Also suppose there exists a triple (i, j, θ p ) such that (i, j, θ p ) ∈ B Sn for all n ∈ N and let R be the affine map in A(M, ε, α) with
Proof: To make the argument clear, first we prove the Lemma for a triple (i, j, θ 0 ) = (i, j, 0).
Claim: Given J 
Then, by inequalities (2.14) and reasoning as in the inequalities (2.7) and (2.8),
If ε n is small enough, S n is close to R in the C 1 topology (see Remark 2) and then |J Sn l (r)| can be made to be as close to |J R l (r)| as desired by taking n big enough. Therefore, if η is small enough and n is great enough (it is means ε n sufficiently small), there is only a finite number of possibilities for |g T Sn (J Sn l (m + r))| for each n > n 0 big enough and any m > m 0 (f Sn ). Now we will prove that there exist an unique θ Let c 1 , c 1 (n), c 1 (m, n) and c 2 (n) the lengths of the intervals indicated in the Figure 1 
Therefore, (2.18)
On the other hand, because g
From the equalities (2.18) and (2.20), we conclude
Therefore, since l and r are fixed, so c 1 (n) → c 1 when n → ∞ and then, from inequalities (2.21), c 2 (n) → for all m > m 0 (f S n ), then we conclude there exist an unique l ′ and an unique
. Note that h ijθ0 verifies the following properties:
( is an decreasing map, with an analogous reasoning, we determine exactly two different affine maps h ijθ0 for the triple (i, j, θ p ). Lemma 2.7. Let l ∈ N and M > 0, α > 0. There exist η with 0 < η < 1/2 and ε > 0 such that if
. . , j p )(J i )) for some θ p = (j 1 , . . . , j p ), p ≤ l and for some i and j with 1 ≤ i, j ≤ k − 1, then for all θ r = (q 1 , ..., q r ) with 0 ≤ r ≤ 2l + 2,
Proof: Let M > 0 and α > 0. Given η > 0, by Remark 1 there exists ε > 0 such that if S ∈ A(M, ε, α) and T S is an m-block of C S , then
Let F be as in the hypotheses of the Lemma, with
.., i m , j 1 , ..., j p ) with p ≤ l and J S t (i 1 , ..., i m , q 1 , ..., q r ) with r ≤ 2l + 2. Under these conditions,
Analogously for Z and G it follows (2.24)
Now, with an analogous argument used in the proof of Lemma 2.6, we conclude that if η > 0 is token small enough there is ε > 0 such that remains only one choice for the image by F for J for infinitely many I Sv ∈ T (ijθp)S v for infinitely many natural numbers v then, for each (q 1 , ..., q r ) and t, 1 ≤ t ≤ k − 1, there exist (q ′ 1 , ..., q 
